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Abstract
Balanced sampling plans excluding contiguous units (BSEC) were ﬁrst introduced in 1988 by Hedayat, Rao and Stufken [A.S.
Hedayat, C.R. Rao, J. Stufken, Sampling plans excluding contiguous units, J. Statist. Plann. Inference 19 (1988) 159–170]. These
designs can be used for survey sampling when the contiguous units provide similar information. In this paper, we show some
recursive constructions for two dimensional BSECs with block size four, and give the existence of some inﬁnite classes.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Balanced sampling plans excluding contiguous units were ﬁrst introduced in 1988 by Hedayat, Rao and Stufken
[12]. These designs can be used for survey sampling when the units are arranged in a one-dimensional or two-
dimensional ordering and the contiguous units in this ordering provide similar information, such as estimates of
population characteristics. It was proved in [12] that such design gives a considerable reduction in the variance of the
Horvitz–Thompson estimator (see [13]) of the population comparing to simple random sampling. The properties and
constructions of these objects were discussed in several papers (e.g., [6,8–12,14]).
Now we introduce the conceptions of balanced sampling plans excluding contiguous units (BSEC) which have two
cases of one dimension and two dimensions.
Let X = {0, 1, . . . , v − 1}, if C(X) = (x0, x1, . . . , xv−1) is a cyclic ordering of X, then xi and xi+1 are said to be
contiguous points for 0 iv − 2, as are x0 and xv−1.
Deﬁnition 1.1. A one-dimensional k-sized balanced sampling plan excluding contiguous units is a pair (X,B), where
X is a set of v points that has a cyclic ordering C(X), and B is a collection of k-subsets of X called blocks such that
any two contiguous points do not appear together in any block while any two noncontiguous points appear together in
exactly  blocks. This design is denoted by 1-BSEC(v, k, ).
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Fig. 1. The points C are 2-contiguous to the point B.
1-BSECs have been studied by many researchers, see e.g. [8,9,11,12,14]. We record the following results of [8,9]
which give a complete solution for the existence of 1-BSECs with block sizes 3 and 4.
Lemma 1.2 (Colbourn and Ling [8]). A 1-BSEC(v, 3, ) exists if and only if v9 and v(v − 3) ≡ 0 (mod 6).
Lemma 1.3 (Colbourn and Ling [9]). A 1-BSEC(v, 4, ) exists if and only if v12 and v(v − 3) ≡ 0 (mod 12),
except for v = 12 and  = 1.
The idea of two dimensional BSECs was suggested in [11] where the following example was described. Small
neighboring plots at a dump site for chemical waste tend to give similar information about chemical compound. The
location induces a two dimensional ordering of the units. We use the deﬁnition in [6].
Here two dimensional means that the set of points, say Zn × Zm, is arranged in two dimensions, and the points
(x − 1, y), (x + 1, y), (x, y − 1), and (x, y + 1) (reducing the sums mod n and m in the ﬁrst and second coordinates,
respectively) are said to be 2-contiguous to the point (x, y). In Fig. 1, the points labeled C form 2-contiguous points of
B. If we allow n or m to be 2, then points will not have four 2-contiguous points, and such design has little signiﬁcance
in applications, so we assume that n,m> 2 in this paper.
Deﬁnition 1.4. A 2-BSEC(n,m, k, ) is a pair (X,B), where X = Zn × Zm and B is a collection of k-subsets of X
called blocks such that any two 2-contiguous points do not appear together in any block while any two points that are
not 2-contiguous appear together in exactly  blocks.
It will cause no confusion if we refer to 2-contiguous points as being simply contiguous points. It is easy to see that
a 2-BSEC(m, n, k, ) exists if and only if a 2-BSEC(n,m, k, ) exists.
The existence problem of 2-BSECs was completely solved for the case = 1 and k= 3 in [6]. However the existence
problem for 2-BSEC(m, n, 4, ) is far from complete.
Lemma 1.5 (Ge et al. [10]). There exist 2-BSEC(m, n, 4, 3) for m, n12 and m, n ≡ 0, 3 (mod 4), and 2-BSEC
(m, n, 4, 6) for m, n12.
Although there are some known constructions of 2-BSECs (see [6]), these constructions are not applicable to other
cases of 2-BSECs with block size four. The main purpose of this paper is to consider constructions for two dimensional
balanced sampling plans excluding contiguous units. By applying these constructions, we obtain the existence of some
inﬁnite classes of such plans with block size four. First we will provide the necessary conditions as follows.
Lemma 1.6. The necessary conditions for the existence of a 2-BSEC(m, n, k, ) are that m, n> 2, (mn − 5) ≡
0 (mod k − 1), mn(mn − 5) ≡ 0 (mod k(k − 1)).
It is easy to see that if there exist both a 2-BSEC(m, n, k, 1) and a 2-BSEC(m, n, k, 2), then a 2-BSEC(m, n, k,
1 + 2) exists. Thus, we only need to consider the following conditions for 2-BSECs with block size four:
 = 1, mn ≡ 5, 8 (mod 12),
 = 2, mn ≡ 2 (mod 3),
 = 3, mn ≡ 0, 1 (mod 4),
 = 6, ∀mn. (1)
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2. Preliminaries
In this section, we give some deﬁnitions and notations as well as preliminary results which will be used in the sequel.
A group divisible design (GDD) is a triple (X,G,B) where X is a set of points, G is a partition of X into groups, and
B is a collection of subsets of X called blocks such that any pair of distinct points from X occurs either in same group
or in exactly  blocks, but not both. A (K, )-GDD of type gu11 g
u2
2 . . . g
us
s is a GDD in which every block has size from
the set K and in which there are ui groups of size gi , i = 1, 2, . . . , s.
Group divisible designs have been studied for many years by numerous researchers. The spectrum for ({4}, )-GDDs
of type gu has been determined (see [5]).
Lemma 2.1. A ({4}, )-GDDof typegu exists if andonly ifu4, g(u−1) ≡ 0 (mod 3)andg2u(u−1) ≡ 0 (mod 12),
except when  = 1 and (g, u) = (2, 4) or (6, 4).
A modiﬁed group divisible design (MGDD) is a pair (X,B) where X is a set of mn points, denoted as (xi, yj ),
0 im − 1, 0jn − 1, and B is a collection of subsets of X (called blocks) satisfying the following conditions:
(1) |B| ∈ K (a set of positive integers) for every block B ∈ B;
(2) every pair of points (xi1 , yj1) and (xi2 , yj2) of X is contained in exactly  blocks, where i1 = i2 and j1 = j2;
(3) the pair of points (xi1 , yj1) and (xi2 , yj2) with i1 = i2 or j1 = j2 is not contained in any block.
Then we denote it by MGDD[K, ,m,mn]. The subsets Gj = {(xi, yj )|0 im − 1}, where 0jn − 1 are
called groups and the subsets Hi = {(xi, yj )|0jn − 1}, where 0 im − 1 are called rows. We shall employ the
following existence result for K = {4} (see [4,10]).
Lemma 2.2 (Assaf and Wei [4], Ge et al. [10]). An MGDD[4, ,m,mn] exists if and only if m, n4, and
(n − 1)(m − 1) ≡ 0 (mod 3), except when  = 1 and {m, n} = {6, 4}.
An incomplete group divisible design (IGDD) is a quadruple (X, Y,G,B) where X is a set of points,Y is a subset of
X (called the hole), G is a partition of X into groups, and B is a collection of subsets of X (called blocks) such that
(1) for each block B ∈ B, |B ∩ Y |1, and
(2) any pair of points from X which are not both in Y occurs either in same group or in exactly  blocks, but not both.
A (K, )-IGDD of type (v1, h1)u1(v2, h2)u2 · · · (vs, hs)us is an IGDD in which every block has size from the set K
and in which there are ui groups of size vi , each of which intersects the hole in hi points, i = 1, 2, . . . , s. We will use
the following results of IGDDs (see, e.g. [1,2,15]).
Lemma 2.3 (Wang [15]). The existence of a ({4}, 1)-IGDD of type (v, h)u if and only if u4, v3h, v(u − 1) ≡
0 (mod 3), (v−h)(u−1) ≡ 0 (mod 3) and u(u−1)(v2−h2) ≡ 0 (mod 12), except for (u, v, h) ∈ {(4, 2, 0), (4, 6, 0),
(4, 6, 1)}andexcept possibly for (u, v, h) ∈ {(14, 15, 3), (14, 21, 3), (14, 93, 27), (18, 15, 3), (18, 21, 3), (18, 93, 27)}.
Lemma 2.4 (Abel et al. [1], Abel and Du [2]). Let v, h and  be positive integers. Then a ({5}, )-IGDD of type
(v, h)5 exists if and only if v4h, except for (v, h) = (6, 1) when  = 1, and except possibly for (v, h) = (10, 1)
when  = 1.
In the next section, we will give some recursive constructions for two dimensional BSECs with block size four. The
idea is to apply Wilson weighted method to the constructions of 2-BSECs. The key of the constructions is how to delete
the pairs of contiguous points appearing in the constructed designs.
3. Constructions of 2-BSECs with block size four
In this section, we will give some new constructions of two dimensional BSECs with block size four.
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Theorem 3.1. Let m, n, k, 1, 2 be positive integers, m> 2, n4, and n = 6 when 2 = 1. Suppose that there exist
a ({4}, 1)-GDD of type 2k and a ({4}, 1)-IGDD of type (m, 2)k . If there exists a 2-BSEC(m, n, 4, 12), then there
exists a 2-BSEC(km, n, 4, 12).
Proof. There exists a ({4}, 1)-IGDD of type (m, 2)k , (X, Y,G,B1), where X={xij : 1 im, 1jk}, Y ={xij :
1 i2, 1jk}, G= {Gj = {x1j , x2j , . . . , xmj } : 1jk}. We construct a ({4}, 1)-GDD of type 2k on the setY,
such that {xij : 1 i2}, 1jk are groups, and denote its block family byB2. Then we obtain a ({4}, 1)-GDD of
type mk , (X,G,B1 ∪B2).
We will construct a 2-BSEC(km, n, 4, ) on the set X′ = X × {1, 2, . . . , n} as follows:
(1) For each block B ∈ B1 ∪ B2, according to Lemma 2.2, there exists an MGDD[4, 2, 4, 4n] on XB = B ×
{1, 2, . . . , n}, where {x}×{1, 2, . . . , n}, x ∈ B are rows, B ×{s}, 1sn are groups. Denote its block family byAB .
(2) For each j, 1jk, on the set XGj = Gj × {1, 2, . . . , n}, we construct a 2-BSEC(m, n, 4, 12), which
is denoted by (XGj ,Aj ), such that the contiguous points of XGj are ((xij , 1), (xij , 2), . . . , (xij , n)), 1 im,
((x1j , s), (x2j , s), . . . , (xmj , s)), 1sn.
(3) For each s, 1sn,we construct a ({4}, 12)-IGDDof type (m, 2)k on setXs=X×{s},whereGj×{s}, 1jk
are groups, and Y × {s} is hole. Denote its block family byA′s .
(4) For each s, 1sn, there exists a ({4}, 12)-GDD of type 2k on set Y ×{s}, so that {(x1j , s), (x2(j+1), s)}, j =
1, 2, . . . , k − 1 and {(x1k, s), (x21, s)} are groups. Denote its block family by Cs .
Set
A′ =
⎛
⎝ ⋃
B∈B1∪B2
AB
⎞
⎠⋃
⎛
⎝ k⋃
j=1
Aj
⎞
⎠⋃( n⋃
s=1
A′s
)⋃( n⋃
s=1
Cs
)
,
then (X′,A′) is a 2-BSEC(km, n, 4, 12), where the number of blocks is
|A′| =
∑
B∈B1∪B2
|AB | +
k∑
j=1
|Aj | +
n∑
s=1
|A′s | +
n∑
s=1
|Cs |
= 1m
2k(k − 1)
12
2n(n − 1) + k 12mn(mn − 5)12 + n
12k(m2 − 4)(k − 1)
12
+ n124k(k − 1)
12
= 12kmn(kmn − 5)
12
.
Its contiguous points are ((xij , 1), (xij , 2), . . . , (xij , n)), 1 im, 1jk and those shown in Fig. 2 for’
1sn. 
Corollary 3.2. Let k > 4,n4,m6,andn = 6when=1. If a2-BSEC(m, n, 4, ) exists, then a2-BSEC(km, n, 4, )
exists, where k ≡ 1 (mod 3) if m ≡ 0 (mod 2) or k ≡ 1, 4 (mod 12) if m ≡ 1 (mod 2).
Fig. 2. Some contiguous points of 2-BSEC(km, n, 4, 12).
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Proof. When k > 4, m6, and k ≡ 1 (mod 3) if m ≡ 0 (mod 2) or k ≡ 1, 4 (mod 12) if m ≡ 1 (mod 2), there exists
a ({4}, 1)-IGDD of type (m, 2)k according to Lemma 2.3. Furthermore, if k ≡ 1 (mod 3), there exists a ({4}, 1)-GDD
of type 2k by the Lemma 2.1. Therefore, if a 2-BSEC(m, n, 4, ) exists, then we will obtain a 2-BSEC(km, n, 4, ) by
Theorem 3.1. 
Corollary 3.3. Let m6, n4, n = 6 and > 1. If a 2-BSEC(m, n, 4, ) exists, then a 2-BSEC(4m, n, 4, ) exists.
Proof. When m6, there exists a ({4}, )-IGDD of type (m, 2)4 according to Lemma 2.3. Furthermore, there exists
a ({4}, )-GDD of type 24 by the Lemma 2.1. Therefore, if a 2-BSEC(m, n, 4, ) exists, then we will obtain a 2-
BSEC(4m, n, 4, ) by Theorem 3.1. 
Theorem 3.4. Let m12, n4, and n = 6. If a 2-BSEC(m, n, 4, 1) exists, then a 2-BSEC(4m, n, 4, 1) exists.
Proof. By Lemma 2.2, for n4 and n = 6, there exists an MGDD[4, 1, 4, 4n], denoted as (X,B), where X = {xij :
1 i4, 1jn}, Gj = {x1j , x2j , x3j , x4j }, 1jn are groups, Hi = {xi1, xi2, . . . , xin}, 1 i4 are rows.
We will construct a 2-BSEC(4m, n, 4, 1) on the set X′ = X × {1, 2, . . . , m} as follows:
(1) For each blockB ∈ B, according toLemma2.1, there exists a ({4}, 1)-GDD of typem4 onXB=B×{1, 2, . . . , m},
where GB = {{x} × {1, 2, . . . , m} : x ∈ B} is the set of groups. Denote its block family byAB .
(2) For each i, 1 i4, on the setXHi =Hi ×{1, 2, . . . , m}, we construct a 2-BSEC(m, n, 4, 1), which is denoted by
(XHi ,Ai ), such that the contiguous points ofXHi are ((xij , 1), (xij , 2), . . . , (xij , m)), 1jn, ((xi1, t), (xi2, t), . . . ,
(xin, t)), 1 tm.
(3) For each j, 1jn. According to Lemma 2.3, for m12, there exists a ({4}, 1)-IGDD of type (m, 4)4 on
set XGj = Gj × {1, 2, . . . , m}, where {xij } × {1, 2, . . . , m}, 1 i4 are groups, and {x1j , x2j , x3j , x4j } × {1, 2,
3, 4} = Yj is a hole. Denote its block family byA′j .
(4) For each j, 1jn, we place the following block set on hole Yj . Form a block setC={{i, i +2, i +6, i +13} :
0 i15} on Z16. Deﬁne the mapping fj :
0 −→ (x1j , 1), 4 −→ (x3j , 1), 8 −→ (x1j , 3), 12 −→ (x3j , 3),
1 −→ (x1j , 4), 5 −→ (x3j , 4), 9 −→ (x1j , 2), 13 −→ (x3j , 2),
2 −→ (x2j , 4), 6 −→ (x4j , 4), 10 −→ (x2j , 2), 14 −→ (x4j , 2),
3 −→ (x2j , 1), 7 −→ (x4j , 1), 11 −→ (x2j , 3), 15 −→ (x4j , 3).
Let Cj = fj (C), 1jn.
Set
A′ =
(⋃
B∈B
AB
)⋃( 4⋃
i=1
Ai
)⋃⎛⎝ n⋃
j=1
A′j
⎞
⎠⋃
⎛
⎝ n⋃
j=1
Cj
⎞
⎠ ,
then (X′,A′) is a 2-BSEC(4m, n, 4, 1), where the number of blocks is
|A′| =
∑
B∈B
|AB | +
4∑
i=1
|Ai | +
n∑
j=1
|A′j | +
n∑
j=1
|Cj |
= m2n(n − 1) + mn(mn − 5)
3
+ n(m2 − 16) + 16n
= mn(4mn − 5)
3
.
Its contiguous points are ((xi1, t), (xi2, t), . . . , (xin, t)), 1 tm, 1 i4 and those shown in Fig. 3 for
1jn. 
Theorem 3.5. Let n4, and n = 6 when = 1. If there exists a 2-BSEC(4, n, 4, ), then a 2-BSEC(16, n, 4, ) exists.
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Fig. 3. Some contiguous points of 2-BSEC(4m, n, 4, 1).
Proof. By Lemma 2.2, there exists an MGDD[4, , 4, 4n], denoted as (X,B), where X = {xij : 1 i4, 1jn},
Gj = {x1j , x2j , x3j , x4j }, 1jn are groups, Hi = {xi1, xi2, . . . , xin}, 1 i4 are rows.
We will construct a 2-BSEC(16, n, 4, ) on the set X′ = X × {1, 2, 3, 4} as follows:
For each blockB ∈ B, according toLemma2.1, place the blocks of a ({4}, 1)-GDD of type 44 onXB=B×{1, 2, 3, 4},
where GB ={{x} × {1, 2, 3, 4} : x ∈ B} is the set of groups. Denote its block family byAB .
Similar to Theorem 3.4, for each i, 1 i4, on the set XHi = Hi × {1, 2, 3, 4}, we construct a 2-BSEC(4, n, 4, ),
which is denoted by (XHi ,Ai ), such that the contiguous points ofXHi are ((xij , 1), (xij , 2), (xij , 3), (xij , 4)), 1jn,
((xi1, t), (xi2, t), . . . , (xin, t)), 1 t4.
Form a block set C= {{i, i + 2, i + 6, i + 13} : 0 i15} on Z16. For each j, 1jn, deﬁne the mapping fj :
0 −→ (x1j , 1), 4 −→ (x3j , 1), 8 −→ (x1j , 3), 12 −→ (x3j , 3),
1 −→ (x1j , 4), 5 −→ (x3j , 4), 9 −→ (x1j , 2), 13 −→ (x3j , 2),
2 −→ (x2j , 4), 6 −→ (x4j , 4), 10 −→ (x2j , 2), 14 −→ (x4j , 2),
3 −→ (x2j , 1), 7 −→ (x4j , 1), 11 −→ (x2j , 3), 15 −→ (x4j , 3).
Let Cj = fj (C), 1jn, where fj (C) is a multiset with  copies of the 16 blocks of fj (C).
Set A′ = (⋃B∈BAB)⋃(⋃4i=1Ai )⋃(⋃nj=1Cj ), then (X′,A′) is a 2-BSEC(16, n, 4, ), where its contiguous
points are ((xi1, t), (xi2, t), . . . , (xin, t)), 1 t4, 1 i4 and those shown in Fig. 3 with m = 4 for 1jn. 
Applying Theorems 3.4, 3.5 and Corollary 3.2, we have the following result.
Theorem 3.6. Let m ≡ 8 (mod 24), and n = 4 or n ≡ 16 (mod 48). Then there exist 2-BSEC(m, n, 4, 1).
Proof. Letm=24t+8=8(3t+1).We know that a 2-BSEC(8, 4, 4, 1) and a 2-BSEC(32, 4, 4, 1) exist by theAppendix.
According toCorollary 3.2, there exists 2-BSEC(8(3t+1), 4, 4, 1)when t > 1. Therefore there exist 2-BSEC(m, 4, 4, 1)
where m ≡ 8 (mod 24). Applying Theorem 3.5, we can obtain 2-BSEC(m, 16, 4, 1). Let n = 48t + 16 = 16(3t + 1).
By Theorem 3.4 and Corollary 3.2, there exist 2-BSEC(m, n, 4, 1) where m ≡ 8 (mod 24) and n ≡ 16 (mod 48). 
Next, we give some general constructions of 2-BSECs with block size k, where k is a positive integer.
4. General constructions of 2-BSECs
Theorem 4.1. Let K be a set of positive integers, and let k′, t, m, n, x,  be positive integers. Suppose that there exist
an MGDD[K, 1, t, tn], a ({k′}, )-IGDD of type (m, 3)t−1(x, 3)1, a ({k′}, )-GDD of type mk and a ({k′}, )-GDD of
type mk−1x1 for each k ∈ K . If there exist a 2-BSEC(m, n, k′, ), a 2-BSEC(x, n, k′, ) and a 1-BSEC(3t, k′, ), then
there exists a 2-BSEC ((t − 1)m + x, n, k′, ).
Proof. There exists an MGDD[K, 1, t, tn] denoted as (X,B), where X = {xij : 1 i t, 1jn}. Gj = {x1j , x2j ,
. . . , xtj }, 1jn are groups, Hi = {xi1, xi2, . . . , xin}, 1 i t are rows.
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Fig. 4. Contiguous points of 1-BSEC(3t, k′, ).
We will construct a 2-BSEC((t − 1)m + x, n, k′, ) on set X′ =⋃t−1i=1(Hi × {1, 2, . . . , m}) ∪ (Ht × {1, 2, . . . , x}):
(1) For each B ∈ B, let k = |B|, B = {a1, a2, . . . , ak}. Thus there is at most one ai ∈ Ht . If ∀ai /∈Ht , then we
construct a ({k′}, )-GDD of type mk on set XB = B × {1, 2, . . . , m} where GB ={{a} × {1, 2, . . . , m} : a ∈ B}
is the set of groups. Denote its block family by AB . If there exists one ai ∈ Ht , say ak ∈ Ht , then we employ
a ({k′}, )-GDD of type mk−1x1 on set XB = {a1, a2, . . . , ak−1} × {1, 2, . . . , m} ∪ {ak} × {1, 2, . . . , x}, where GB
={{ai}× {1, 2, . . . , m}, i = 1, . . . , k − 1} ∪ {{ak}× {1, 2, . . . , x}} is the set of groups. Denote its block family byAB .
(2) For each i, 1 i t − 1, we construct 2-BSEC(m, n, k′, ) on set Xi = Hi × {1, 2, . . . , m}, which is denoted by
(Xi,Ai ), such that the contiguous points of Xi are
((xij , 1), (xij , 2), . . . , (xij , m)), 1jn,
((xi1, s), (xi2, s), . . . , (xin, s)), 1sm.
(3) We employ a 2-BSEC(x, n, k′, ) on set Xt = Ht × {1, 2, . . . , x}, which is denoted by (Xt ,At ), such that the
contiguous points of Xt are
((xtj , 1), (xtj , 2), . . . , (xtj , x)), 1jn,
((xt1, h), (xt2, h), . . . , (xtn, h)), 1hx.
(4) For each j, 1jn. There exists a ({k′}, )-IGDD of type (m, 3)t−1(x, 3)1 on set X′j ={x1j , x2j , . . . , xt−1j }×{1, 2, . . . , m} ∪ {xtj } × {1, 2, . . . , x}, where its set of groups is
{{xij } × {1, 2, . . . , m} : 1 i t − 1} ∪ {{xtj } × {1, 2, . . . , x}},
its hole is Yj = {x1j , x2j , . . . , xtj } × {1, 2, 3}. Denote its blocks family byA′j .
(5) For each j, 1jn, we construct a 1-BSEC(3t, k′, ) on set Yj = {x1j , x2j , . . . , xtj } × {1, 2, 3}, such that its
contiguous points are as Fig. 4. We denote its block family as Cj .
Set
A′ =
(⋃
B∈B
AB
)⋃( t⋃
i=1
Ai
)⋃⎛⎝ n⋃
j=1
A′j
⎞
⎠⋃
⎛
⎝ n⋃
j=1
Cj
⎞
⎠ ,
then (X′,A′) is a 2-BSEC((t − 1)m+ x, n, k′, ). Its contiguous points are ((xi1, s), (xi2, s), . . . , (xin, s)), 1sm,
1 i t − 1, ((xt1, h), (xt2, h), . . . , (xtn, h)), 1hx and those shown in Fig. 5 for 1jn. 
Theorem 4.2. Let K,M be sets of positive integers, and let k′, n, v, 1, 2 be positive integers. Suppose that there
exist a GDD[K, 1,M; v] of type mu11 mu22 · · ·mutt , a ({k′}, 12)-IGDD of type (m1, 2)u1(m2, 2)u2 · · · (mt , 2)ut , a
({k′}, 12)-GDD of type 2T , T =∑th=1uh, and an MGDD[k′, 2, k; kn] for each k ∈ K . If for each h, 1h t ,
there exist 2-BSEC(mh, n, k′, 12), then there exists a 2-BSEC(v, n, k′, 12).
Proof. There exists a GDD[K, 1,M; v] of type mu11 mu22 . . . mutt , denoted as (X,G,B), where X = {(xij , h) :
1 imh, 1juh, 1h t}, Gjh = {(xij , h) : 1 imh}, 1juh, 1h t are groups.
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Fig. 5. Some contiguous points of 2-BSEC((t − 1)m + x, n, k′, ).
We will construct a 2-BSEC(v, n, k′, 12) on set X′ = X × {1, 2, . . . , n} as follows:
(1) For each B ∈ B, let k = |B|, k ∈ K . We construct an MGDD[k′, 2, k, kn] on set XB = B × {1, 2, . . . , n},
where GB = {B × {s} : 1sn} is the set of groups, {{a} × {1, 2, . . . , n} : a ∈ B} is the set of rows. Denote its block
family byAB .
(2) For each group G ∈ G, let mh = |G|. We construct a 2-BSEC(mh, n, k′, 12) on set XG = G × {1, 2, . . . , n},
which is denoted by (XG,AG), such that the contiguous points of XG are
((x1j , h) × {s}, (x2j , h) × {s}, . . . , (xmhj , h) × {s}), 1sn,
((xij , h) × {1}, (xij , h) × {2}, . . . , (xij , h) × {n}), 1 imh.
(3) For each s, 1sn, there exists a ({k′}, 12)-IGDD of type (m1, 2)u1 (m2, 2)u2 · · · (mt , 2)ut on setXs=X×{s},
where its groups are Gjh × {s}, 1juh, 1h t , its hole is {(x1j , h) × {s}, (x2j , h) × {s} : 1juh, 1h t}.
Denote its block family byA′s .
(4) For each s, 1sn, we construct a ({k′}, 12)-GDD of type 2T on set {(x1j , h) × {s}, (x2j , h) × {s} :
1juh, 1h t}, where {{(x1j , h) × {s}, (x2(j+1), h) × {s}} : 1juh − 1, 1h t} ∪ {{(x1uh, h) × {s}, (x21,
h + 1) × {s}} : 1h t − 1} ∪ {{(x1ut , t) × {s}, (x21, 1) × {s}}} is the set of groups. Denote its block family by Cs .
Set
A′ =
(⋃
B∈B
AB
)⋃(⋃
G∈G
AG
)⋃( n⋃
s=1
A′s
)⋃( n⋃
s=1
Cs
)
,
then (X′,A′) is a 2-BSEC(v, n, k′, 12). 
It is easy to see that Theorem 3.1 is a corollary of Theorem 4.2. Using Theorem 4.2, we will obtain a recursive
construction of 2-BSECs with block size four and  = 3.
Theorem 4.3. Let m, n, x be integers, n4, n = 6, m8, 3xm. If there exist a 2-BSEC(m, n, 4, 3) and a
2-BSEC(x, n, 4, 3), then there exists a 2-BSEC(4m + x, n, 4, 3).
Proof. Form8, there exists a ({5}, 1)-IGDD of type (m, 2)5 by Lemma 2.4. Select one group and deletem−x points
of this group; these do not include the two points of the group in the hole. Now replace each block of size four by three
copies of the block, and replace each block of size ﬁve by the blocks of a ({4}, 3)-GDD of type 15. Thus, we obtain a
({4}, 3)-IGDD of type (m, 2)4(x, 2)1. Further there exists a ({4}, 3)-GDD of type 25 by Lemma 2.1. Then there exists
a ({4}, 3)-GDD of type m4x1. For n4, n = 6, there exists an MGDD[4, 1, 4, 4n] by Lemma 2.2. Therefore, there
exists a 2-BSEC(4m + x, n, 4, 3) according to Theorem 4.2. 
Theorem 4.4. Let m> 3, n = 4 or n ≡ 16 (mod 48), and (m, n) = (6, 64). Then there exist 2-BSEC(m, n, 4, 3).
Proof. For m ≡ 0 (mod 4), let m= 16k + x = 4(4k)+ x, where x ∈ {0, 4, 8, 12}. Let H0 ={4(4k)+ x : 0k2, x ∈
{0, 4, 8, 12}}\{0}. Then for m ∈ H0, there exist 2-BSEC(m, 4, 4, 3) by the Appendix, Theorem 3.5 and Corollary 3.3.
Thus applying Theorem 4.3 and Corollary 3.3, there exist 2-BSEC(m, 4, 4, 3), where m ≡ 0 (mod 4).
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For m ≡ 1 (mod 4), let m = 16k + x = 4(4k) + x, where x ∈ {5, 9, 13, 17}. Let H1 = {4(4k) + x : 0k4, x ∈
{5, 9, 13, 17}}. Then for m ∈ H1, there exist 2-BSEC(m, 4, 4, 3) by Theorem 4.3 and the Appendix. Since there exist
2-BSEC(m, 4, 4, 3), where m ∈ {k : k ≡ 0 (mod 4)} ∪ H1, applying Theorem 4.3, there exist 2-BSEC(m, 4, 4, 3),
where m ≡ 1 (mod 4).
For m ≡ 2 (mod 4), let m = 16k + x = 4(4k) + x, where x ∈ {2, 6, 10, 14}. Let H2 = {4(4k) + x : 0k4, x ∈
{6, 10, 14, 18}}. Then for m ∈ H2, there exist 2-BSEC(m, 4, 4, 3) by Theorem 4.3 and the Appendix. Since there exist
2-BSEC(m, 4, 4, 3), where m ∈ {k : k ≡ 0 (mod 4)} ∪ H2, applying Theorem 4.3, there exist 2-BSEC(m, 4, 4, 3),
where m ≡ 2 (mod 4).
Similarly, for m ≡ 3 (mod 4), let m = 16k + x = 4(4k) + x, where x ∈ {3, 7, 11, 15}. Let H3 = {4(4k) + x :
0k4, x ∈ {7, 11, 15, 19}}. Then for m ∈ H3, there exist 2-BSEC(m, 4, 4, 3) by Theorem 4.3 and the Appendix.
Since there exist 2-BSEC(m, 4, 4, 3), where m ∈ {k : k ≡ 0 (mod 4)} ∪ H3, applying Theorem 4.3, there exist
2-BSEC(m, 4, 4, 3), where m ≡ 3 (mod 4).
In summary, there exist 2-BSEC(m, 4, 4, 3) for m> 3. Furthermore, for m> 3, there exist 2-BSEC(m, 16, 4, 3) by
Theorem 3.5.
Let n = 48k + 16 = 16(3k + 1). By Corollary 3.2 and Corollary 3.3, there exist 2-BSEC(m, n, 4, 3) where m> 3,
n ≡ 16 (mod 48) and (m, n) = (6, 64). 
Appendix
We will give some direct constructions of 2-BSEC(m, 4, 4, ) on set X = Zm × Z4. The contiguous points are
((i, 1), (i, 2), (i, 3), (i, 4)), 1 im, ((1, j), (2, j), . . . , (m, j)), 1j4. We provide their base blocks as follows.
The other blocks are obtained by developing these base blocks (modm,−)(− denote that the coordinate in such position
keeps invariable). For convenience, we denote (x, y) by xy .
Remark. Let {ab, cd, ef , gh}(−,+i mod 4) be some blocks obtained by second coordinate successively plus i mod 4.
Let i{ab, cd, ef , gh} be i copies of the block {ab, cd, ef , gh}.
(1)  = 1:
m = 5:
{00, 20, 31, 42} {01, 21, 42, 33} {02, 22, 33, 40} {03, 23, 40, 31} {00, 21, 02, 23}.
m = 8:
{00, 20, 51, 72}(−,+2mod 4) {01, 21, 52, 33}(−,+2mod 4) {00, 40, 02, 42},
{00, 30, 21, 43}(−,+2mod 4) {01, 31, 12, 70}(−,+2mod 4) {01, 41, 03, 43}.
m = 11:
{00, 20, 50, 41} {01, 21, 81, 102} {02, 22, 62, 83} {03, 23, 73, 40} {00, 91, 52, 103},
{00, 70, 02, 32} {01, 71, 03, 33} {00, 11, 22, 63} {00, 31, 92, 13} {00, 81, 62, 53},
{00, 51, 82, 43} {00, 61, 102, 83} {00, 71, 12, 23}.
m = 14:
{00, 20, 50, 41}(−,+1mod 4) {00, 60, 71, 42}(−,+1mod 4) {00, 70, 02, 72},
{00, 40, 101, 52}(−,+1mod 4) {00, 31, 82, 63}(−,+1mod 4) {01, 71, 03, 73}.
m = 17:
{00, 40, 141, 92}(−,+1mod 4) {00, 60, 51, 72}(−,+1mod 4) {00, 81, 02, 83},
{00, 70, 31, 42}(−,+1mod 4) {00, 80, 151, 22}(−,+1mod 4),
{00, 20, 50, 111}(−,+2mod 4) {01, 31, 51, 112}(−,+2mod 4).
m = 20:
{00, 20, 11, 51}(−,+1mod 4) {00, 90, 131, 123}(−,+1mod 4) {00, 70, 182, 42},
{00, 30, 91, 141}(−,+1mod 4) {00, 21, 122, 83}(−,+1mod 4) {01, 71, 183, 43},
{00, 80, 151, 132}(−,+1mod 4) {00, 60, 22, 92} {01, 61, 23, 93},
{00, 100, 02, 102} {01, 101, 03, 103}.
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m = 26:
{00, 20, 50, 11}(−,+1mod 4) {00, 90, 191, 72}(−,+1mod 4) {00, 130, 02, 132},
{00, 40, 100, 21}(−,+1mod 4) {00, 81, 202, 113}(−,+1mod 4) {01, 131, 03, 133},
{00, 70, 41, 112}(−,+1mod 4) {00, 120, 61, 172}(−,+1mod 4),
{00, 80, 31, 162}(−,+1mod 4) {00, 110, 161, 252}(−,+1mod 4).
m = 29:
{00, 40, 21, 52}(−,+1mod 4) {00, 80, 171, 112}(−,+1mod 4) {00, 141, 02, 143},
{00, 90, 221, 132}(−,+1mod 4) {00, 100, 161, 202}(−,+1mod 4),
{00, 110, 181, 232}(−,+1mod 4) {00, 120, 241, 142}(−,+1mod 4),
{00, 140, 111, 212}(−,+1mod 4) {00, 20, 50, 11}(−,+1mod 4),
{00, 60, 130, 211}(−,+2mod 4) {01, 71, 131, 212}(−,+2mod 4).
m = 32:
{00, 160, 02, 162} {00, 100, 122, 232} {00, 110, 202, 302} {00, 120, 52, 182},
{01, 161, 03, 163} {01, 101, 123, 233} {01, 111, 203, 303} {01, 121, 53, 183},
{00, 20, 11, 71}(−,+1mod 4) {00, 30, 61, 131}(−,+1mod 4) {00, 130, 272, 72},
{00, 40, 181, 261}(−,+1mod 4) {00, 50, 211, 301}(−,+1mod 4) {01, 131, 273, 73},
{00, 21, 222, 53}(−,+1mod 4) {00, 41, 212, 83}(−,+1mod 4),
{00, 140, 231, 312}(−,+1mod 4) {00, 150, 111, 33}(−,+1mod 4).
(2)  = 3:
m = 4:
{00, 20, 02, 22} {01, 21, 03, 23} {00, 20, 11, 32} {01, 21, 12, 33},
{02, 22, 13, 30} {03, 23, 10, 31} {00, 11, 02, 23} {00, 11, 22, 33},
{00, 21, 02, 13} {00, 21, 32, 23} {00, 31, 12, 33} {00, 31, 22, 13}.
m = 6:
{00, 20, 11, 31} {00, 30, 21, 42} {00, 11, 32, 53} {00, 41, 12, 23} {00, 30, 02, 32},
{01, 21, 12, 32} {01, 31, 12, 53} {00, 21, 52, 33} {00, 41, 22, 13} {01, 31, 03, 33},
{02, 22, 13, 33} {02, 32, 23, 40} {00, 31, 12, 43} {00, 41, 32, 53} {00, 20, 02, 22},
{03, 23, 30, 50} {03, 33, 20, 41} {00, 31, 52, 23} {00, 51, 42, 23} {01, 21, 03, 23}.
m = 7:
{00, 20, 41, 61} {00, 30, 11, 22} {00, 30, 11, 22} {00, 30, 11, 32} {00, 20, 02, 22},
{01, 21, 42, 62} {01, 31, 12, 33} {01, 31, 52, 23} {01, 31, 62, 13} {01, 21, 03, 23},
{02, 22, 33, 53} {02, 32, 43, 60} {02, 32, 43, 60} {02, 32, 53, 20} {00, 41, 32, 13},
{03, 23, 30, 50} {03, 33, 10, 41} {03, 33, 40, 61} {03, 33, 60, 21} {00, 61, 32, 23},
{00, 21, 52, 13} {00, 61, 42, 33} {00, 31, 62, 53}.
m = 9:
{00, 20, 50, 71} {01, 31, 51, 72} {01, 41, 32, 73} {01, 41, 62, 33} {00, 30, 61, 42},
{02, 22, 52, 73} {03, 33, 53, 70} {03, 43, 30, 71} {03, 43, 60, 31} {02, 32, 63, 40},
{00, 20, 11, 32} {00, 20, 11, 42} {00, 30, 21, 72} {01, 21, 12, 43} {01, 21, 12, 33},
{02, 22, 13, 30} {02, 22, 13, 40} {02, 32, 23, 70} {03, 23, 10, 41} {03, 23, 10, 31},
{00, 40, 11, 72} {00, 40, 71, 32} {01, 31, 12, 53} {01, 31, 62, 43} 3{00, 41, 02, 43},
{02, 42, 13, 70} {02, 42, 73, 30} {03, 33, 10, 51} {03, 33, 60, 41}.
m = 10:
{00, 20, 40, 11}(−,+1mod 4) {00, 30, 11, 62}(−,+1mod 4) 3{00, 50, 02, 52},
{00, 20, 11, 32}(−,+1mod 4) {00, 30, 51, 92}(−,+1mod 4) 3{01, 51, 03, 53},
{00, 30, 61, 22}(−,+1mod 4) {00, 40, 31, 73}(−,+1mod 4),
{00, 40, 81, 63}(−,+1mod 4) {00, 21, 72, 43}(−,+1mod 4).
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m = 12:
{00, 20, 40, 11}(−,+1mod 4) {00, 30, 11, 42}(−,+1mod 4) 3{00, 60, 02, 62},
{00, 20, 50, 11}(−,+1mod 4) {00, 30, 21, 72}(−,+1mod 4) 3{01, 61, 03, 63},
{00, 40, 21, 72}(−,+1mod 4) {00, 50, 81, 32}(−,+1mod 4),
{00, 40, 71, 12}(−,+1mod 4) {00, 50, 21, 73}(−,+1mod 4),
{00, 41, 12, 83}(−,+1mod 4) {00, 41, 102, 63}(−,+1mod 4).
m = 13:
{00, 20, 50, 91}(−,+2mod 4) {00, 20, 50, 91}(−,+2mod 4) 3{00, 61, 02, 63},
{01, 31, 51, 92}(−,+2mod 4) {01, 31, 51, 92}(−,+2mod 4),
{00, 40, 21, 92}(−,+2mod 4) {01, 41, 22, 83}(−,+2mod 4),
{00, 30, 11, 22}(−,+1mod 4) {00, 20, 11, 32}(−,+1mod 4),
{00, 40, 21, 72}(−,+1mod 4) {00, 40, 121, 72}(−,+1mod 4),
{00, 50, 41, 92}(−,+1mod 4) {00, 60, 31, 82}(−,+1mod 4),
{00, 60, 31, 112}(−,+1mod 4) {00, 60, 31, 122}(−,+1mod 4).
m = 15:
{00, 20, 60, 102}(−,+1mod 4) {00, 30, 11, 23}(−,+2mod 4) 3{00, 71, 02, 73},
{00, 20, 60, 102}(−,+1mod 4) {00, 30, 11, 23}(−,+2mod 4),
{00, 20, 60, 102}(−,+1mod 4) {00, 30, 11, 43}(−,+2mod 4),
{00, 101, 62, 93}(−,+1mod 4) {01, 71, 122, 100}(−,+2mod 4),
{00, 50, 21, 43}(−,+2mod 4) {01, 31, 52, 70}(−,+2mod 4),
{00, 50, 21, 83}(−,+2mod 4) {01, 31, 62, 90}(−,+2mod 4),
{00, 50, 41, 13}(−,+2mod 4) {01, 31, 92, 100}(−,+2mod 4),
{00, 70, 21, 53}(−,+2mod 4) {01, 51, 72, 60}(−,+2mod 4),
{00, 70, 101, 123}(−,+2mod 4) {01, 51, 92, 120}(−,+2mod 4),
{01, 51, 142, 110}(−,+2mod 4) {00, 70, 61, 132}(−,+2mod 4),
{01, 71, 52, 110}(−,+2mod 4) {01, 71, 42, 93}(−,+2mod 4).
m = 18:
{00, 20, 60, 81}(−,+1mod 4) {00, 50, 141, 112}(−,+1mod 4) 3{00, 90, 02, 92},
{00, 20, 60, 81}(−,+1mod 4) {00, 70, 31, 132}(−,+1mod 4) 3{01, 91, 03, 93},
{00, 20, 60, 81}(−,+1mod 4) {00, 70, 141, 112}(−,+1mod 4),
{00, 30, 11, 22}(−,+1mod 4) {00, 70, 171, 122}(−,+1mod 4),
{00, 30, 11, 42}(−,+1mod 4) {00, 80, 121, 52}(−,+1mod 4),
{00, 30, 71, 12}(−,+1mod 4) {00, 80, 51, 133}(−,+1mod 4),
{00, 50, 31, 82}(−,+1mod 4) {00, 80, 171, 93}(−,+1mod 4),
{00, 50, 121, 72}(−,+1mod 4) {00, 41, 142, 73}(−,+1mod 4).
m = 19:
{00, 70, 150, 171}(−,+2mod 4) {01, 81, 151, 172}(−,+2mod 4) 3{00, 91, 02, 93},
{00, 70, 150, 171}(−,+2mod 4) {01, 81, 151, 172}(−,+2mod 4),
{00, 70, 150, 171}(−,+2mod 4) {01, 81, 151, 172}(−,+2mod 4),
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 11, 42}(−,+1mod 4),
{00, 90, 141, 133}(−,+1mod 4) {00, 20, 11, 52}(−,+1mod 4),
{00, 90, 141, 133}(−,+1mod 4) {00, 20, 131, 52}(−,+1mod 4),
{00, 30, 71, 62}(−,+1mod 4) {00, 50, 121, 152}(−,+1mod 4),
{00, 30, 161, 92}(−,+1mod 4) {00, 60, 131, 22}(−,+1mod 4),
{00, 50, 11, 132}(−,+1mod 4) {00, 60, 141, 112}(−,+1mod 4),
{00, 50, 81, 122}(−,+1mod 4) {00, 61, 172, 143}(−,+1mod 4).
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m = 21:
{00, 80, 170, 191}(−,+2mod 4) {01, 91, 171, 192}(−,+2mod 4) 3{00, 101, 02, 103},
{00, 80, 170, 191}(−,+2mod 4) {01, 91, 171, 192}(−,+2mod 4),
{00, 80, 170, 191}(−,+2mod 4) {01, 91, 171, 192}(−,+2mod 4),
{00, 20, 50, 11}(−,+1mod 4) {00, 20, 11, 42}(−,+1mod 4),
{00, 20, 11, 42}(−,+1mod 4) {00, 30, 61, 12}(−,+1mod 4),
{00, 30, 71, 112}(−,+1mod 4) {00, 50, 91, 142}(−,+1mod 4),
{00, 50, 121, 182}(−,+1mod 4) {00, 60, 141, 72}(−,+1mod 4),
{00, 60, 181, 112}(−,+1mod 4) {00, 100, 151, 72}(−,+1mod 4),
{00, 60, 181, 122}(−,+1mod 4) {00, 70, 131, 12}(−,+1mod 4),
{00, 70, 151, 112}(−,+1mod 4) {00, 70, 161, 122}(−,+1mod 4),
{00, 100, 51, 182}(−,+1mod 4) {00, 100, 71, 152}(−,+1mod 4).
m = 22:
{00, 20, 60, 91}(−,+1mod 4) {00, 70, 171, 142}(−,+1mod 4) 3{00, 110, 02, 112},
{00, 20, 60, 91}(−,+1mod 4) {00, 70, 191, 142}(−,+1mod 4) 3{01, 111, 03, 113},
{00, 20, 60, 91}(−,+1mod 4) {00, 80, 141, 52}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 80, 141, 182}(−,+1mod 4),
{00, 30, 11, 52}(−,+1mod 4) {00, 80, 161, 122}(−,+1mod 4),
{00, 30, 21, 12}(−,+1mod 4) {00, 90, 51, 152}(−,+1mod 4),
{00, 50, 21, 62}(−,+1mod 4) {00, 90, 151, 62}(−,+1mod 4),
{00, 50, 101, 12}(−,+1mod 4) {00, 100, 111, 23}(−,+1mod 4),
{00, 50, 161, 82}(−,+1mod 4) {00, 100, 111, 23}(−,+1mod 4),
{00, 70, 121, 52}(−,+1mod 4) {00, 151, 92, 53}(−,+1mod 4).
m = 23:
{00, 90, 190, 211}(−,+1mod 4) {00, 20, 51, 93}(−,+1mod 4) 3{00, 111, 02, 113},
{00, 90, 190, 211}(−,+1mod 4) {00, 20, 51, 93}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 20, 51, 93}(−,+1mod 4),
{00, 30, 110, 122}(−,+1mod 4) {00, 30, 110, 122}(−,+1mod 4),
{00, 50, 151, 103}(−,+1mod 4) {00, 60, 191, 132}(−,+1mod 4),
{00, 50, 151, 103}(−,+1mod 4) {00, 70, 41, 102}(−,+1mod 4),
{00, 30, 91, 52}(−,+1mod 4) {00, 70, 61, 132}(−,+1mod 4),
{00, 50, 41, 212}(−,+1mod 4) {00, 70, 151, 222}(−,+1mod 4),
{00, 60, 11, 212}(−,+1mod 4) {00, 80, 171, 162}(−,+1mod 4),
{00, 60, 71, 32}(−,+1mod 4) {00, 110, 81, 172}(−,+1mod 4),
{00, 41, 142, 153}(−,+1mod 4).
m = 25:
{00, 30, 120, 41}(−,+1mod 4) {00, 20, 51, 42}(−,+1mod 4) 3{00, 121, 02, 123},
{00, 30, 120, 41}(−,+1mod 4) {00, 30, 81, 52}(−,+1mod 4),
{00, 20, 51, 12}(−,+1mod 4) {00, 50, 161, 22}(−,+1mod 4),
{00, 20, 61, 32}(−,+1mod 4) {00, 50, 141, 82}(−,+1mod 4),
{00, 70, 161, 132}(−,+1mod 4) {00, 70, 81, 152}(−,+1mod 4),
{00, 80, 151, 142}(−,+1mod 4) {00, 80, 181, 142}(−,+1mod 4),
{00, 90, 191, 142}(−,+1mod 4) {00, 120, 61, 202}(−,+1mod 4),
{00, 50, 161, 92}(−,+1mod 4) {00, 60, 211, 132}(−,+1mod 4),
{00, 60, 151, 102}(−,+1mod 4) {00, 70, 101, 162}(−,+1mod 4),
{00, 60, 201, 132}(−,+1mod 4) {00, 80, 71, 152}(−,+1mod 4),
{00, 100, 210, 231}(−,+2mod 4) {01, 111, 211, 232}(−,+2mod 4),
{00, 100, 210, 231}(−,+2mod 4) {01, 111, 211, 232}(−,+2mod 4),
{00, 100, 210, 231}(−,+2mod 4) {01, 111, 211, 232}(−,+2mod 4).
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m = 27:
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 51, 13}(−,+1mod 4) 3{00, 131, 02, 133},
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 51, 13}(−,+1mod 4),
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 51, 73}(−,+1mod 4),
{00, 50, 241, 93}(−,+1mod 4) {00, 70, 111, 192}(−,+1mod 4),
{00, 50, 241, 93}(−,+1mod 4) {00, 70, 151, 212}(−,+1mod 4),
{00, 50, 241, 113}(−,+1mod 4) {00, 70, 161, 252}(−,+1mod 4),
{00, 130, 171, 43}(−,+1mod 4) {00, 80, 151, 32}(−,+1mod 4),
{00, 130, 171, 63}(−,+1mod 4) {00, 80, 181, 242}(−,+1mod 4),
{00, 80, 201, 32}(−,+1mod 4) {00, 100, 221, 22}(−,+1mod 4),
{00, 100, 111, 192}(−,+1mod 4) {00, 130, 61, 182}(−,+1mod 4),
{00, 100, 211, 42}(−,+1mod 4) {00, 171, 162, 113}(−,+1mod 4),
{00, 110, 230, 251}(−,+2mod 4) {01, 121, 231, 252}(−,+2mod 4),
{00, 110, 230, 251}(−,+2mod 4) {01, 121, 231, 252}(−,+2mod 4),
{00, 110, 230, 251}(−,+2mod 4) {01, 121, 231, 252}(−,+2mod 4).
m = 30:
{00, 20, 60, 91}(−,+1mod 4) {00, 70, 251, 142}(−,+1mod 4) 3{00, 150, 02, 152},
{00, 20, 60, 91}(−,+1mod 4) {00, 80, 241, 142}(−,+1mod 4) 3{01, 151, 03, 153},
{00, 20, 60, 91}(−,+1mod 4) {00, 120, 291, 162}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 120, 221, 172}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 120, 261, 212}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 130, 241, 172}(−,+1mod 4),
{00, 30, 41, 12}(−,+1mod 4) {00, 130, 291, 172}(−,+1mod 4),
{00, 30, 41, 12}(−,+1mod 4) {00, 130, 241, 202}(−,+1mod 4),
{00, 30, 111, 12}(−,+1mod 4) {00, 140, 11, 202}(−,+1mod 4),
{00, 50, 151, 82}(−,+1mod 4) {00, 140, 61, 202}(−,+1mod 4),
{00, 50, 151, 82}(−,+1mod 4) {00, 140, 221, 212}(−,+1mod 4),
{00, 50, 201, 82}(−,+1mod 4) {00, 80, 131, 23}(−,+1mod 4),
{00, 70, 41, 122}(−,+1mod 4) {00, 80, 131, 23}(−,+1mod 4),
{00, 70, 261, 122}(−,+1mod 4) {00, 51, 192, 173}(−,+1mod 4).
m = 31:
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 51, 13}(−,+1mod 4) 3{00, 151, 02, 153},
{00, 30, 90, 102}(−,+1mod 4) {00, 20, 51, 13}(−,+1mod 4),
{00, 30, 90, 102}(−,+1mod 4) {00, 50, 241, 83}(−,+1mod 4),
{00, 20, 100, 132}(−,+1mod 4) {00, 50, 241, 83}(−,+1mod 4),
{00, 50, 241, 103}(−,+1mod 4) {00, 80, 91, 32}(−,+1mod 4),
{00, 70, 171, 33}(−,+1mod 4) {00, 80, 141, 192}(−,+1mod 4),
{00, 70, 171, 133}(−,+1mod 4) {00, 100, 141, 222}(−,+1mod 4),
{00, 70, 101, 183}(−,+1mod 4) {00, 100, 181, 82}(−,+1mod 4),
{00, 150, 271, 83}(−,+1mod 4) {00, 110, 201, 22}(−,+1mod 4),
{00, 150, 271, 93}(−,+1mod 4) {00, 110, 221, 22}(−,+1mod 4),
{00, 150, 271, 243}(−,+1mod 4) {00, 110, 251, 52}(−,+1mod 4),
{00, 120, 71, 202}(−,+1mod 4) {00, 120, 211, 252}(−,+1mod 4),
{00, 120, 181, 262}(−,+1mod 4) {00, 171, 162, 113}(−,+1mod 4),
{00, 130, 270, 291}(−,+2mod 4) {01, 141, 271, 292}(−,+2mod 4),
{00, 130, 270, 291}(−,+2mod 4) {01, 141, 271, 292}(−,+2mod 4),
{00, 130, 270, 291}(−,+2mod 4) {01, 141, 271, 292}(−,+2mod 4).
m = 33:
{00, 50, 160, 61}(−,+1mod 4) {00, 70, 201, 122}(−,+1mod 4) 3{00, 161, 02, 163},
{00, 50, 160, 61}(−,+1mod 4) {00, 70, 31, 132}(−,+1mod 4),
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{00, 50, 160, 61}(−,+1mod 4) {00, 70, 181, 132}(−,+1mod 4),
{00, 30, 120, 111}(−,+1mod 4) {00, 80, 41, 162}(−,+1mod 4),
{00, 20, 211, 12}(−,+1mod 4) {00, 80, 321, 232}(−,+1mod 4),
{00, 20, 211, 32}(−,+1mod 4) {00, 80, 321, 242}(−,+1mod 4),
{00, 20, 221, 42}(−,+1mod 4) {00, 90, 121, 222}(−,+1mod 4),
{00, 30, 301, 52}(−,+1mod 4) {00, 90, 141, 242}(−,+1mod 4),
{00, 30, 301, 52}(−,+1mod 4) {00, 100, 221, 262}(−,+1mod 4),
{00, 60, 271, 32}(−,+1mod 4) {00, 100, 141, 252}(−,+1mod 4),
{00, 60, 31, 102}(−,+1mod 4) {00, 100, 281, 212}(−,+1mod 4),
{00, 60, 281, 102}(−,+1mod 4) {00, 130, 51, 352}(−,+1mod 4),
{00, 120, 261, 192}(−,+1mod 4) {00, 130, 91, 222}(−,+1mod 4),
{00, 120, 191, 262}(−,+1mod 4) {00, 130, 181, 272}(−,+1mod 4),
{00, 140, 290, 311}(−,+2mod 4) {01, 151, 291, 312}(−,+2mod 4),
{00, 140, 290, 311}(−,+2mod 4) {01, 151, 291, 312}(−,+2mod 4),
{00, 140, 290, 311}(−,+2mod 4) {01, 151, 291, 312}(−,+2mod 4).
m = 34:
{00, 20, 60, 91}(−,+1mod 4) {00, 110, 291, 152}(−,+1mod 4) 3{00, 170, 02, 172},
{00, 20, 60, 91}(−,+1mod 4) {00, 110, 271, 182}(−,+1mod 4) 3{01, 171, 03, 173},
{00, 20, 60, 91}(−,+1mod 4) {00, 110, 301, 212}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 120, 291, 182}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 120, 231, 192}(−,+1mod 4),
{00, 90, 190, 211}(−,+1mod 4) {00, 120, 111, 212}(−,+1mod 4),
{00, 70, 200, 261}(−,+1mod 4) {00, 130, 331, 192}(−,+1mod 4),
{00, 30, 41, 12}(−,+1mod 4) {00, 130, 291, 202}(−,+1mod 4),
{00, 30, 41, 12}(−,+1mod 4) {00, 140, 281, 202}(−,+1mod 4),
{00, 30, 41, 12}(−,+1mod 4) {00, 140, 81, 242}(−,+1mod 4),
{00, 50, 151, 82}(−,+1mod 4) {00, 160, 241, 202}(−,+1mod 4),
{00, 50, 151, 82}(−,+1mod 4) {00, 160, 331, 212}(−,+1mod 4),
{00, 50, 191, 82}(−,+1mod 4) {00, 160, 81, 252}(−,+1mod 4),
{00, 70, 181, 122}(−,+1mod 4) {00, 80, 131, 23}(−,+1mod 4),
{00, 70, 221, 122}(−,+1mod 4) {00, 80, 131, 23}(−,+1mod 4),
{00, 80, 221, 122}(−,+1mod 4) {00, 51, 232, 213}(−,+1mod 4).
m = 35:
{00, 20, 90, 112}(−,+1mod 4) {00, 30, 170, 182}(−,+1mod 4) 3{00, 171, 02, 173},
{00, 20, 90, 112}(−,+1mod 4) {00, 30, 170, 182}(−,+1mod 4),
{00, 20, 90, 112}(−,+1mod 4) {00, 41, 202, 213}(−,+1mod 4),
{00, 150, 310, 331}(−,+1mod 4) {00, 50, 271, 153}(−,+1mod 4),
{00, 150, 310, 331}(−,+1mod 4) {00, 50, 271, 153}(−,+1mod 4),
{00, 150, 310, 331}(−,+1mod 4) {00, 50, 271, 153}(−,+1mod 4),
{00, 60, 151, 283}(−,+1mod 4) {00, 80, 31, 93}(−,+1mod 4),
{00, 60, 151, 283}(−,+1mod 4) {00, 80, 31, 93}(−,+1mod 4),
{00, 60, 151, 283}(−,+1mod 4) {00, 80, 31, 93}(−,+1mod 4),
{00, 100, 291, 243}(−,+1mod 4) {00, 120, 241, 282}(−,+1mod 4),
{00, 100, 291, 343}(−,+1mod 4) {00, 120, 281, 162}(−,+1mod 4),
{00, 170, 11, 253}(−,+1mod 4) {00, 130, 61, 32}(−,+1mod 4),
{00, 350, 101, 143}(−,+1mod 4) {00, 130, 101, 162}(−,+1mod 4),
{00, 350, 301, 233}(−,+1mod 4) {00, 130, 141, 212}(−,+1mod 4),
{00, 30, 81, 142}(−,+1mod 4) {00, 140, 81, 42}(−,+1mod 4),
{00, 110, 161, 232}(−,+1mod 4) {00, 170, 141, 32}(−,+1mod 4),
{00, 120, 81, 42}(−,+1mod 4).
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